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Consistent boundary conditions for Alexandrov-Kontsevich-Schwartz-Zaboronsky
(AKSZ) sigma models and the corresponding boundary theories are analyzed. As
their mathematical structures, we introduce a generalization of differential graded
symplectic manifolds, called twisted QP manifolds, in terms of graded symplectic
geometry, canonical functions, and QP pairs. We generalize the AKSZ construction of
topological sigma models to sigma models with Wess-Zumino terms and show that all
the twisted Poisson-like structures known in the literature can actually be naturally
realized as boundary conditions for AKSZ sigma models. C© 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4900834]
I. INTRODUCTION
A differential graded symplectic manifold (QP manifold) has been introduced from analysis
of the Batalin-Vilkovisky formalism.43 It was later used for a simple procedure for constructing
topological sigma models by Alexandrov, Kontsevich, Schwarz, and Zaboronsky.2 Following this,
graded symplectic geometry has been of interest in both mathematics and physics due to its rich
mathematical structures and links with a variety of topics; see Refs. 11, 39, 47, and 48.
A Poisson manifold is naturally a QP manifold of degree 1. A Courant algebroid, which was
introduced in Ref. 35 to describe the double of Lie bialgebroids, has a one-to-one correspondence
to a QP manifold of degree 2.39 The corresponding Alexandrov-Kontsevich-Schwartz-Zaboronsky
(AKSZ) sigma models are the Poisson sigma model23, 26, 42 and the Courant sigma model,24, 41 respec-
tively. Weaker versions of Poisson structures and variants of Lie algebroids and Courant algebroids
are motivated by questions from quantum groups and field theories. For example, an extension of the
Poisson sigma model by a Wess-Zumino (WZ) term naturally leads to WZ-Poisson manifolds,29, 38
or equivalently, the Poisson structures with a 3-form background.44 A similar structure was studied in
the framework of the Courant algebroid theory. Hansen and Strobl20 showed that a generalization of
Courant algebroids with a 4-form arises naturally in the Courant sigma model with a Wess-Zumino
term.
Our main result shows that all the twisted Poisson-like structures known in the literature can
actually be naturally realized as (and so in a certain sense “are”) boundary conditions for AKSZ
sigma models. This result greatly clarifies the meaning of the otherwise rather obscure conditions
defining a twisted Poisson-like structure.
To do this, we introduce a canonical function and a QP pair (a differential graded symplectic
pair), which are generalizations of differential graded structures in graded symplectic geometry. This
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idea is inspired by analysis of the consistency of boundary conditions of AKSZ sigma models,2, 8, 25, 41
which are topological sigma models constructed by supergeometric methods and a topological open
membrane.22, 38 A similar structure appears in the Batalin-Vilkovisky (BV) formalism of string field
theory.21
Another motivation comes from the canonical transformation in symplectic supergeometry,
which is also called twisting.40 It can be viewed as a higher analogue of a Poisson function,33, 45
and it defines a generalization of the Dirac structure12. Moreover, a canonical function describes
the boundary condition structures of the AKSZ sigma models, which have played key roles in the
derivation of the deformation quantization from the Poisson sigma model.30 and 7
A canonical function leads to the concept of a QP pair, which is a certain tower of two (twisted)
differential graded symplectic manifolds. This unifies the various concepts that were separately
analyzed above, and it includes many geometric structures such as the Lie (2-)algebras, the (twisted
or quasi) Poisson structures, the (homotopy) Lie algebroids, the (twisted) Courant algebroids, the
Nambu-Poisson structures, and others. Some of these will be used below as examples.
Analysis of a canonical transformation on a QP manifold naturally leads to what we call a
twisted QP manifold. It is a mathematical framework for a unified understanding of the so-called
Wess-Zumino terms, together with twisted Poisson-like structures. A general method to get a twisted
QP manifold is given by the deformation theory. Some examples will be presented to illuminate this
twisting process. Moreover a new geometric structure, the strong Courant algebroid, is proposed.
The defining structure of a QP pair guarantees consistency of the bulk structure and the bound-
ary conditions. In general, a quantum theory on a manifold X in n + 1 dimensions with given
boundaries may have the same structure as the corresponding quantum theory on the boundary ∂X
in n dimensions.3 When applying this so-called bulk-boundary correspondence of quantum field
theories to the AKSZ sigma models, we find that it is necessary to extend the AKSZ sigma models
to the “twisted” AKSZ sigma models. This is a generalization of the Chern-Simons/WZW corre-
spondence. We propose an extension of the AKSZ construction to a twisted version via a map from
twisted QP manifolds to topological sigma models.
There are recent works on similar topics. Twisted structures in the setting of L∞-algebras are
analyzed in Refs. 17 and 18. There are studies that present formulations of AKSZ sigma models
with boundaries.9, 10, 15, 16, 28 The concept of QP pairs is used in the current algebra theory in Ref. 28.
In Ref. 34, the twisted QP manifold introduced in this paper is shown to be a homotopy version of
a QP manifold in the spirit of a homotopy Poisson manifold. The AKSZ sigma models have been
reformulated by using derived geometry.5, 37
This paper is organized as follows. In Sec. II, we review a QP manifold and an AKSZ
sigma model without boundaries. In Sec. III, we analyze the AKSZ sigma models with bound-
aries and introduce canonical functions. In Sec. IV, we analyze a twisted QP manifold and present
some examples. In particular, we propose a new algebroid, the (twisted) strong Courant alge-
broid. In Sec. V, we consider a physical application of a twisted QP manifold whose defining
structure guarantees consistency of the corresponding AKSZ sigma models with boundaries. Bulk-
boundary correspondence of sigma models leads us to the concept of twisted AKSZ sigma models.
Section VI summarizes our results and considers areas of future work.
II. QP MANIFOLDS AND AKSZ SIGMA MODELS
A. QP manifolds
A graded manifold M is a ringed space with a structure sheaf of a bZ-graded commutative
algebra over an ordinary smooth manifold M. Grading is compatible with supermanifold grading,
that is, a variable of even degree is commutative, and one of odd degree is anticommutative. By
definition, the structure sheaf of M is locally isomorphic to C∞(U ) ⊗ S•(V ), where U is a local
chart on M, V is a graded vector space, and S•(V ) is a free graded commutative ring on V . Refer to
Refs. 6 and 46 for the rigorous mathematical definition of objects in supergeometry.
An N-manifold (i.e., a nonnegatively graded manifold) M equipped with a graded symplectic
structure ω of degree n is called a P-manifold of degree n, denoted by (M, ω). ω is also called a
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P-structure. A graded Poisson bracket on C∞(M) is defined as { f, g} = (−1)| f |−n+1iX f iXgω, where
a Hamiltonian vector field Xf is defined by the equation iX f ω = −δ f for any f ∈ C∞(M), and δ is
a differential onM. A vector field Q onM is called homological if Q2 = 0.
Definition 2.1. A QP-manifold is a P-manifold (M, ω) endowed with a degree 1 homological
vector field Q such that LQω = 0.43
We call the homological vector field Q the Q-structure. We also denote a QP manifold by the
corresponding triple (M, ω, Q). For any QP manifold of positive degree, there exists a Hamiltonian
function  ∈ C∞(M) of Q with respect to the graded Poisson bracket {− , − }, that is,
Q = {,−}. (2.1)
Then, the homological condition, Q2 = 0, implies that  is a solution of the classical master
equation,
{,} = 0. (2.2)
Such a  is also called a homological function.
B. AKSZ sigma models without boundaries
In this subsection, we review the AKSZ construction,2, 8, 41 which is a systematic method for
constructing a topological sigma model from a QP manifold. The resulting sigma model is called an
AKSZ sigma model.
Let (X , D, μ) be a differential graded manifold X with a D-invariant nondegenerate measure
μ, where D is a differential on X . Let (M, ω, Q) be a QP-manifold, and let Map(X ,M) be the
space of smooth maps from X toM.
Since Diff(X ) × Diff(M) naturally acts on Map(X ,M), D and Q induce differentials ˆD and ˆQ,
respectively, on Map(X ,M). Explicitly, ˆD(z, f ) = δ f (z)D(z) and ˇQ(z, f ) = Q f (z), for all z ∈ X
and f ∈ Map(X ,M).
An evaluation map ev : X × Map(X ,M) −→M is defined as ev : (z, f ) −→ f (z), for any
z ∈ X and f ∈ Map(X ,M). A chain mapμ∗ : •(X × Map(X ,M)) −→ •(Map(X ,M)) is de-
fined as
μ∗ω(y)(v1, . . . , vk) =
∫
X
μ(x)ω(x, y)(v1, . . . , vk),
where v is a vector field on X and ∫X μ is the Berezin integration on X . The composition μ∗ev∗ :
•(M) −→ •(Map(X ,M)) is called the transgression map.
A P-structure ω (a graded symplectic structure) on Map(X ,M) is defined by
ω := μ∗ev∗ω.
Note that ω is nondegenerate and closed because the operation μ∗ev* preserves these properties.
The corresponding graded Poisson bracket on Map(X ,M) is denoted by {−,−}.
A Q-structure function S on Map(X ,M) is constructed as follows. S consists of two parts S
:= S0 + S1. We take a canonical 1-form ϑ onM such that ω = − δϑ and define S0 := ι ˆDμ∗ev∗ϑ .
Moreover, we define S1 := μ∗ev*, where  is the homological function onM. Then we can prove
that S is a homological function on Map(X ,M),
{S, S} = 0, (2.3)
from the definitions of S0 and S1 and the properties of maps. A degree 1 homological vector field
Q is defined as Q = {S,−}. The classical master equation shows that Q is a coboundary operator,
Q2 = 0.
We thus have the following theorem.
Theorem 2.2. (Ref. 2). Let X be a differential graded manifold with a compatible measure, and
letM be a QP-manifold, then the mapping space Map(X ,M) has a QP structure.
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This structure is called an AKSZ sigma model. If X = T [1]X , where X is a manifold in n +
1 dimensions, the QP structure on Map(X ,M) is of degree − 1. In this case, a QP structure on
Map(T [1]X,M) is equivalent to the Batalin-Vilkovisky formalism of a topological sigma model.
III. AKSZ SIGMA MODELS WITH BOUNDARIES
In this section, the geometric structure of the AKSZ sigma model on a base manifold X
with a boundary is analyzed and proven to be described by a quintuple mathematical datum,
(M, ω,,L, α). When n = 1, this corresponds to a topological open string and produces a defor-
mation quantization formula.7 When n ≥ 2, such theories describe topological open membranes.38,22
A. Consistent boundary conditions
Let us take a manifold X in n + 1 dimensions with nonempty boundaries. Let (X =
T [1]X, D, μ) be a differential graded manifold over X with a differential D and a compatible
measure μ, and let (M, ω,) be a QP manifold of degree n. Then the AKSZ construction pro-
duces a consistent topological sigma model on the mapping space Map(T [1]X,M), as long as the
boundary conditions on ∂X are consistent with the QP structure of the whole theory. Generally
the classical master equation is not satisfied because of the boundary terms. By Stokes’ theorem, a
straightforward computation gives
{S, S} =
∫
∂X
μ∂X (i∂ × id)∗ ev∗(ϑ + ), (3.1)
where μ∂X is a boundary measure induced from μ to ∂X by the inclusion map i∂ : ∂X −→ X .
Since the classical master equation {S, S} = 0 must be satisfied for consistency of the theory, the
right-hand side of Eq. (3.1) must vanish. From this observation, we have
Theorem 3.1. If (ϑ + )|Im ∂X = 0 onM, then {S, S} = 0.
Let us consider the physical constraints. S is a classical BV action in a physical theory. In order
to derive the equation of motion from the variational principle in mechanics, the variation of S must
vanish on the boundaries. This is satisfied if ϑ = 0 on Im ∂X . Since ω = − δϑ , this says that Im ∂X
belongs to a subspace of a Lagrangian submanifold L ⊂M that is the zero locus of ϑ = 0. This
physical requirement turns Theorem 3.1 into the following condition onM:
Proposition 3.2. Let L be a Lagrangian submanifold of M, i.e., ϑ |L = 0. Then {S, S} = 0 is
satisfied if |L = 0.
We demonstrate that this is consistent with the variational principle by taking the Darboux
coordinates of the superfields with respect to the P-structure ω on Map(X ,M), where the superfields
are pullbacks of the local coordinates on M by x∗, the degree zero map x : X −→ M . We denote
qa(i)(σ, θ ) ∈ (T [1]X ⊗ x∗(Mi )) for 0 ≤ i ≤ n/2 and pa(n−i)(σ, θ ) ∈ (T [1]X ⊗ x∗(Mn−i )) for
n/2 < i ≤ n, where (σ , θ ) are local coordinates on X = T [1]X , Mi is the degree i subspace of
M, x = qa(0), and m is the floor function, which gives the largest integer less than or equal to m.
The Poisson brackets of superfields are
{qa(i)(σ, θ ), pb( j)(σ ′, θ ′)} = δi jδa(i)b( j)δn+1(σ − σ ′)δn+1(θ − θ ′), (3.2)
and if n is even and i = j = n/2,
{qa(n/2)(σ, θ ), qb(n/2)(σ ′, θ ′)} = ka(n/2)b(n/2)δn+1(σ − σ ′)δn+1(θ − θ ′), (3.3)
where ka(n/2)b(n/2) is a metric on Mn/2. The exterior derivative d on X induces a superdifferential
d = θμ ∂
∂σμ
on Map(X ,M). If we define pa(n/2) = ka(n/2)b(n/2)qa(n/2), then S takes the same form for
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odd or even n,
S = S0 + S1 =
∫
X
μ
⎛
⎝ ∑
0≤i≤n/2
(−1)n+1−i pa(i)dqa(i)
⎞
⎠+
∫
X
μ ev∗(q, p). (3.4)
In order to derive the equations of motion of the superfields, the variation of S = S0 + S1 must
vanish on the boundaries. The variation is δS = ∫
∂X μ∂X
∑
0≤i≤(n−1)/2(−1)n+1−i pa(i)δqa(i) up to
the equations of motion. Thus, we should impose the condition pa(i)δqa(i) = 0 on the boundary ∂X .
B. Canonical transformations and canonical functions
A physical theory can have boundary terms if the base manifold X has a boundary. We introduce
boundary terms by a canonical transformation.
Let (M, ω, Q) be a QP manifold of degree n, and suppose that Q is generated by a Hamiltonian
function  ∈ C∞(M) of degree n + 1. Let α ∈ C∞(M). We define an exponential operation eδα
by
eδα f = f + { f, α} + 1
2
{{ f, α}, α} + · · · ,
for any f ∈ C∞(M).
Definition 3.3. For any function α of degree n, eδα is called a canonical transformation.
Note that eδα was called twisting in Ref. 40. In addition, for any α of degree n, {eδα f , eδα g} =
eδα { f, g}, where f, g ∈ C∞(M). Now we introduce the canonical function.
Definition 3.4. Let (M, ω, Q = {,−}) be a QP manifold of degree n. A function α of degree n
is called a canonical function with respect toL if eδα|L = 0, whereL is a Lagrangian submanifold
of (M, ω) and |L is the restriction on L.
Obviously if α is a canonical function on a QP manifold (M, ω,), eδα is a canonical transfor-
mation.
We make a canonical transformation eδα by a function α of degree n. This changes a target
QP manifold to (M, ω,α), where the Q-structure is α = eδα. Since the P-structure does not
change, a new Q-structure S′ on Map(T [1]X,M) in the AKSZ sigma model becomes
S′ = S0 + S′1
= ι ˆDμ∗ev∗ϑ + μ∗ev∗eδα. (3.5)
If ∂X = ∅, S′ also satisfies the classical master equation because of {eδα, eδα} = eδα {,} = 0. If
∂X = ∅, we should modify the boundary conditions so that S′ satisfies the classical master equation.
Applying Proposition 3.2 to Eq. (3.5), we have
Proposition 3.5. (Ref. 22). We assume ∂X = ∅. Let (M, ω,) be a QP manifold of degree n,
and let α ∈ C∞(M) of degree n be a canonical transformation. The classical master equation {S,
S} = 0 is satisfied in an AKSZ sigma model (3.5) if eδα|L = 0, that is, α is a canonical function
with respect to a Lagrangian submanifold L ofM.
From Proposition 3.5, the mathematical structure of an AKSZ sigma model with a boundary is
a quintuple (M, ω,,L, α).
The first three elements of the datum form a QP manifold (M, ω,). The full quintuple is a QP
manifold with a trivialization of ω and . The trivialization of ω, ω|L = 0 determines a Lagrangian
submanifold L ofM (we take the maximal L). Finally, we require a trivialization of , but this can
be refined so that  vanishes on L up to a canonical transformation eδα , i.e., eδα|L = 0 such that
|α| = |ω|.
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C. From canonical functions to boundary terms
We see that α corresponds to physical boundary terms in a special case.
In Eq. (3.5), the geometric structure is equivalent even if we make the inverse canonical
transformation on Map(X ,M) for the P-structure in addition to that for the Q-structure. We then
have an equivalent expression for the homological function:
S′′ = e−δα S′
= ι ˆDμ∗ev∗e−δαϑ + μ∗ev∗e−δα eδα
= ι ˆDμ∗ev∗e−δαϑ + μ∗ev∗. (3.6)
The AKSZ sigma model is S′′, and its geometric structure defines the equivalent QP structure as the
original S′ on Map(X ,M).
Let us consider the special case such that α satisfies {α, α}= 0. Then, since e−δαϑ = ϑ − {ϑ, α},
α generates a boundary term S∂X = μ∂X∗(i∂ × id)∗ev∗α by the following computation:
S′′ = S0 − μ∗ ev∗{ϑ, α} + μ∗ ev∗
= S0 − L ˆD μ∗ev∗α + μ∗ ev∗
= ι ˆDμ∗ev∗ϑ + μ∗ev∗ − μ∂X∗ (i∂ × id)∗ev∗α. (3.7)
Here we have derived this equation from the formula {S0,−} = L ˆD(−) and the Stokes’ theorem,
L ˆDμ∗ev∗(−) = μ∂X∗ (i∗∂ × id)∗ ev∗(−), where L ˆD is a Lie derivative. Thus a canonical function
leads to a boundary source term, S∂X = μ∂X∗ (i∂ × id)∗ev∗α. Physically, this sigma model describes
a topological open membrane with boundary charges.22, 38 Although general canonical functions
can generate more complicated boundary terms which are not integrations of local Lagrangians,
Proposition 3.5 says that these also provide physically consistent boundary deformations of the
AKSZ sigma models.
In Sec. IV, we will focus on the underlying mathematical structure, a quintuple (M, ω,,L, α),
and a generalization of QP manifolds, twisted QP manifolds, will be introduced and analyzed.
Moreover, a new geometric structure, a QP pair, will be proposed.
IV. TWISTED HIGHER-DEGREE POISSON MANIFOLDS
A. Twisted QP manifolds
Let M be a QP manifold of degree n + 1, and let L be a Lagrangian submanifold. In
this section, we concentrate on the structure on L. By the Lagrangian neighborhood theorem in
symplectic geometry, the boundary condition in Proposition 3.5, (M, ω,,L, α), is locally realized
by (T ∗[n + 1]L, ωcan,,L, α). Here ωcan denotes the canonical symplectic form on the shifted
cotangent bundle T ∗[n + 1]L. Therefore, in the following, we will discuss a QP manifold of degree
n + 1, (T ∗[n + 1]L, ω,), where L is an N-manifold of degree n. We may assume ω = ωcan, but
this is not necessary.
Let π : T ∗[n + 1]L→ L be the natural projection. The derived bracket32 {− , − } on C∞(L):
{ f, g} = {{π∗ f ,}, π∗g}|L, (4.1)
is a graded Poisson bracket for any f, g ∈ C∞(L). Because {π*f, π*g} = 0 and {, } = 0,
the bracket {− , − } is graded symmetric and satisfies the Leibniz rule and the Jacobi identity.
Throughout this section, we assume that the derived bracket is nondegenerate. Then the bracket
{− , − } defines a graded symplectic structure ω on L.
Let αL be a function on L such that α := π∗αL is a canonical function with respect to the
Lagrangian submanifold L of (T ∗[n + 1]L, {−,−},). By the definition of canonical functions,
we have
1
2
{αL, αL} = −|L − {,α}|L − 13! {{{,α}, α}, α}|L + · · · . (4.2)
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If the right-hand side of this equation is zero, {αL, αL} = 0. Then (L, {−,−}, αL) is a QP manifold
of degree n. However, in general, the master equation is violated and controlled by the right-hand side
of Eq. (4.2), which involves the homological function and the canonical function. This observation
leads to the following definition.
Definition 4.1. Let (L, {−,−}L) be a P-manifold of degree n, and let αL be a degree n + 1
function on it. Then (L, {−,−}L, αL) is called a twisted QP-manifold if there exists a QP-manifold
(T ∗[n + 1]L, {−,−},) such that
1. { f, g}L = {{π∗ f,}, π∗g}|L,
2. eδα|L = 0,
where π : T ∗[n + 1]L→ L is the natural projection and f, g ∈ C∞(L).
In this case, we call (T ∗[n + 1]L, ω,) (L, sbv−−s = tbv−−, αL) the small (twisted)
QP manifold, and (T ∗[n + 1]L, ω,,L, sbv−−s, α) a QP pair, where α = π∗αL. We also say
that (T ∗[n + 1]L, ω,) is a QP realization of (L, {−,−}L, αL).
The following proposition is an immediate consequence of the definition.
Proposition 4.2. If (L, {−,−}L, αL) is a twisted QP manifold with a QP realization (T ∗[n +
1]L, ω,), then
1
2
{αL, αL}L = 12 {αL, αL} = −|L − {,α}|L −
1
3!
{{{,α}, α}, α}|L − · · · . (4.3)
In Definition 4.1, it is not clear how to decide whether a given (L, {−,−}L, αL) is a twisted
QP manifold, since a twisted QP manifold needs extra data (T ∗[n + 1]L, ω,). Thus a QP pair is
a good starting point for the analysis of twisted structures. We consider this problem in Sec. V in
terms of the deformation theory of QP manifolds and the bulk-boundary correspondence of AKSZ
sigma models.
B. Examples
Twisted QP manifolds contain many kinds of twisted higher Poisson structures, for example,
the twisted Courant algebroids, Nambu-Poisson structures, and higher twisted algebroids. In this
section, we show how known and new structures can be realized as twisted QP manifolds.
First, we give an illustrative example of a canonical function and a twisted QP manifold that is
not a QP manifold.
Example 4.1. (Ref. 45). Let L = T ∗[1]M × g[1], where M is a manifold and g is a quadratic
Lie algebra. To define a twisted Q-structure on L, we define a homological function on the shifted
cotangent bundle T ∗[2]L with a canonical symplectic structure ω. We take local coordinates on M,
the fiber of T*[1]M, and g[1], (xi, pi, ua), respectively. The conjugate coordinates of the fiber of
T ∗[2](T ∗[1]M × g[1]) are (ξi , qi , va). The following function of degree 3 is a homological function
on T ∗[2]L if {M, H} = 0 and {C, R} = 0:
 = M + C + R + H
= ξi qi + 12Cab
cuaubvc + 13! R
abcvavbvc + 13! Hi jk(x)q
i q j qk,
where Cabc is a Lie algebra structure constant and Rabc is a constant. Let H be a 3-form on M defined
by H = 13! Hi jk(x)dxi ∧ dx j ∧ dxk , and let R ∈ ∧3g∗ be defined by R = 13! Rabcvavbvc. Note that
g, R is also seen as a constant section of ∧3(M × g).  is a homological function if and only if H is
a closed 3-form on M and R is a Lie algebra 3-cocycle.
Let α = π + ρ = 12π i j (x)pi p j + ρ j a(x)ua p j be a canonical function with respect to the La-
grangian submanifoldL = T ∗[1]M × g[1], which is locally expressed by {ξi = qi = va = 0}. From
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the canonical function equation, a canonical function α satisfies
1
2
{αL, αL} = − 13! {{{,α}, α}, α}|L = 0.
Generally, α gives a Lie algebroid structure on T ∗M × g, as discussed in Ref. 36.
If C = R = H = 0 and ρ = 0, the canonical function equation eδα|L = 0 is equivalent
to [πL, πL]S = −{{,π}, π}|L = 0, which defines a nontwisted QP manifold and is nothing but
a Poisson structure on M. Here [ − , − ]S = {− , − } is identical to the Schouten bracket on
(∧•TM).
If H = 0 and R is the Cartan 3-tensor, then the canonical function equation defines a quasi-
Poisson structure, [πL, πL]S = ∧3ρ# R.1
If ρ = 0, the canonical function equation defines a twisted-Poisson structure, [πL, πL]S =
∧3π# H .29, 38, 44 The derived-derived bracket {{−, αL},−} gives a twisted Poisson bracket on
C∞(M).
Example 4.2 (H4-twisted Courant algebroid). We consider an N-manifold
T ∗[3]L = T ∗[3]T ∗[2]E[1], where E −→ M is a vector bundle on a manifold M. We take local
coordinates (xi, ua, pi) of degree (0, 1, 2) on T*[2]E[1] and conjugate local coordinates (ξi , va, qi )
of degree (3, 2, 1) on the fiber.
A graded symplectic structure is given by ω = δxi ∧ δξi − δua ∧ δva + δpi ∧ δqi and takes a
Lagrangian submanifold L = T ∗[2]E[1], which is locally expressed by {qi = ξi = va = 0}.
Let us consider the following Q-structure satisfying |L = 0:
 = ξi qi + 12k
abvavb + 14! Hi jkl(x)q
i q j qkql ,
where kab is a fiber metric on E.  satisfies {, } = 0 if and only if dH = 0, where H =
1
4! Hi jkl(x)dxi ∧ dx j ∧ dxk ∧ dxl is a 4-form on M. This defines a Lie algebroid up to homotopy on
T*E.27 and 19
We take the following canonical function of degree 3,
α = ρi a(x)pi ua + 13! habc(x)u
aubuc,
with respect to the Lagrangian submanifold L = T ∗[2]E[1]. Straightforward calculations show that
the canonical function equation eδα|L = 0 produces the following identities:
kabρi aρ j b = 0, (4.4)
∂ρi a
∂x j
ρ j b − ∂ρ
i
b
∂x j
ρ j a + kcdρi chdab = 0, (4.5)
∂habc
∂xi
ρi d + kef habeh f cd + Hi jklρi aρ j bρk cρl d
+(abcd completely skewsymmetric) = 0. (4.6)
If H = 0, eδα|L = 0 is equivalent to {αL, αL} = 0. Then (T ∗[2]E[1], {−,−}, αL) is a QP
manifold of degree 2. Equations (4.4), (4.5), and (4.6) are satisfied if and only if E is the Courant
algebroid.35, 39 The Dorfman bracket of the Courant algebroid is given by the derived-derived bracket
on (E) by
[e1, e2]D = −{{e1, αL}, e2}, ∀e1, e2 ∈ (E). (4.7)
Let us consider the general case where H = 0. Then the canonical function α satisfies
1
2
{αL, αL} = − 14! {{{{H, α}, α}, α}, α}|T ∗[2]E[1] = 0, (4.8)
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from the canonical function equation. This is a twisted QP manifold T*[2]E[1] of degree 2. The
structure given by Eqs. (4.4), (4.5), and (4.6) is the H4-twisted Courant algebroid,20 in which the
Leibniz identity of the Dorfman bracket (4.7) on (E) is broken by the 4-form H:
[e1, [e2, e3]D]D − [[e1, e2]D, e3]D − [e2, [e1, e3]D]D = ∧4ρ# H. (4.9)
Note that on M, H is a 4-form and h is a 3-form. Such a 4-form twisted Courant algebroid appears
naturally in the theory of three-dimensional topological sigma models with Wess-Zumino terms,
the cotangent extension of quadratic transitive Lie algebroids, and the reduction of exact Courant
algebroids. It also naturally arises from a coisotropic Cartan geometry; see Ref. 49.
Example 4.3 (Twisted higher Dorfman brackets of degree n). Let E −→ M be a vector
bundle over a manifold M. We take an N-manifold (T*[n]T*[n − 1]E[1], ω, ) with a canonical
function α. Local coordinates on L = T ∗[n − 1]E[1] are chosen as (xi , ua, pi , wa) of degree (0, 1,
n − 1, n − 2), and those of the fiber are chosen as (ξi , va, qi , za) of degree (n, n − 1, 1, 2).
The canonical graded symplectic structure of degree n is given by
ω = δxi ∧ δξi + (−1)nδua ∧ δva + δpi ∧ δqi + (−1)nδwa ∧ δza .
We define a Lagrangian submanifold by L = T ∗[n − 1]E[1] = {ξi = va = qi = za = 0} and a
Q-structure satisfying |L = 0 as
 := ξi qi + vaza + 12C
a
i j (x)vaqi q j + 1(n + 1)! Hi0···in (x)q
i0 · · · qin .
Then {, } = 0 produces dH = 0 and dC = 0, where H = 1(n+1)! Hi0···in (x)dxi0 ∧ · · · ∧ dxin is a
(n + 1)-form, and Ca = 12 Cai j (x)dxi ∧ dx j is a 2-form taking values in E*.
We take the following canonical function α:
α = ρi a(x)ua pi + 12 f
a
bc(x)waubuc + 1
n!
ha1···an (x)ua1 · · · uan .
Direct calculation shows that eδα|L = 0 produces the equations:
∂ρi a
∂x j
ρ j b − ∂ρ
i
b
∂x j
ρ j a + ρi c f cab − Caklρi cρk aρl b = 0, (4.10)
∂ f abc
∂xi
ρi d + f abe f ecd − Cei j f abeρi cρ j d + (bcd completely skewsymmetric) = 0, (4.11)
∂ha0···an−1
∂xi
ρi an + hea2···an f ea0a1 + Cei j hea0···an−2ρi an−1ρ j an + H j0··· jn (x)ρ j1 a0 · · · ρ jn an
+(a0 · · · an completely skewsymmetric) = 0. (4.12)
Note that the derived bracket {− , − } is just the canonical nondegenerate Poisson bracket on
L = T ∗[n − 1]E[1]. Since (E⊗∧n − 2E*) is identified as a subspace of C∞(T*[n]E[1]), we can
define a bracket on (E⊗∧n − 2E*) by the derived-derived bracket:
[−,−]D = −{{−, αL},−}. (4.13)
If C = H = 0, we have {αL, αL} = 0. From Eqs. (4.10), (4.11), and (4.12), [ − , − ]D is just the
higher Dorfman bracket on E⊗∧n − 2E*. If C or H is nonzero, (T ∗[n − 1]E[1], {−,−}, αL) is a
twisted QP manifold. In particular, if C = 0 and H is nonzero, we obtain a twisted higher Dorfman
bracket where the Leibniz identity of the Dorfman bracket is broken by a closed n + 1-form H.
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Example 4.4. A Nambu-Poisson bracket of order n ( ≥ 3) on M is a skewsymmetric linear map
{·, · · · , ·} : C∞(M)⊗n −→ C∞(M) such that
(1) { fσ (1), fσ (2), · · · , fσ (n)} = (−1)(σ ){ f1, f2, · · · , fn},
(2) { f1g1, f2, · · · , fn} = f1{g1, f2, · · · , fn} + g1{ f1, f2, · · · , fn},
(3) { f1, f2, · · · , fn−1, {g1, g2, · · · , gn}}
=
n∑
k=1
{g1, · · · , gk, { f1, f2, · · · , fn−1, gk}, gk+1, · · · , gn}.
The n-vector field π ∈ (∧nTM) is called the Nambu-Poisson tensor field, and it is defined as
π (d f1, d f2, · · · , d fn) = { f1, f2, · · · , fn}.
Let us assume that the Nambu-Poisson tensor is decomposable. Then a canonical function for
the Nambu-Poisson structure is constructed as a special case of Example 4.3, as follows. Consider
an N-manifold T ∗[n]L = T ∗[n]T ∗[n − 1]E[1], where E = ∧n − 1T*M. We take local coordinates
(xi , vI , pi , w I ) of degree (0, 1, n − 1, n − 2) on T*[n − 1]E[1] and conjugate local coordinates
(ξ i, uI, qi, zI) of degree (n, n − 1, 1, 2) on the fiber, where I is the multi-index I = (i1, i2, ···, in − 1).
The canonical graded symplectic structure of degree n can be expressed as
ω = δxi ∧ δξi + (−1)nδvI ∧ δuI + δpi ∧ δqi + (−1)nδw I ∧ δzI .
A Q-structure function  is defined as
 = −qiξi + 1(n − 1)! zI (u
I − qi1 · · · qin−1 ),
which automatically satisfies {, } = 0.  defines the Dorfman bracket on TM⊕∧n − 1T*M13 by
the derived bracket [ − , − ]D = − {{, − }, − }. We take the function α to be
α = − 1(n − 1)!π
i1···in−1in (x)vi1···in−1 pin . (4.14)
Proposition 4.3. Let L = T ∗[n − 1]E[1] be the Lagrangian submanifold of T ∗[n]L. Then α is
a canonical function with respect to  and L, i.e., eδα|L = 0 if and only if π is a decomposable
Nambu-Poisson tensor.4
C. Strong Courant algebroids
Let E and A be two vector bundles on M. We consider an N-manifold T ∗[3]L = T ∗[3](E[1] ⊕
A[2]). Let us take local coordinates (xi, ua, zp) on M, E[1], and A[2], and local coordinates (ξi , va, w p)
of the fiber of T*[3] of degree (3, 2, 1), respectively.
A canonical graded symplectic structure is ω = δxi ∧ δξi − δua ∧ δva + δw p ∧ δz p. We define
a Q-structure function as
 = 1
2
kabvavb + ρi r (x)ξiwr + 12C
r
pq (x)zrw pwq , (4.15)
where kab is a fiber metric on E. {, } = 0 is equivalent to the following identities:
ρi r
∂ρi s
∂x j
− ρi s ∂ρ
i
r
∂x j
− ρi pC prs = 0,
−ρi p ∂C
s
qr
∂xi
+ Cs pt Ct qr + (pqr cyclic) = 0. (4.16)
This condition is satisfied if (A, C, ρ) is a Lie algebroid, where a Lie bracket is [ep, eq]A = Crpq(x)er
and ρ is a bundle map from A to TM defined by ρ(er ) = ρi r (x) ∂∂xi for er ∈ A.
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
130.54.110.72 On: Mon, 22 Dec 2014 07:53:20
113505-11 N. Ikeda and X. Xu J. Math. Phys. 55, 113505 (2014)
Let the Lagrangian submanifold L ⊂ T ∗[3]L be {ξi = va = w p = 0}, and let a canonical
function of degree 3 with respect to the Lagrangian submanifold L be
α = τ r a(x)zr ua + 13! habc(x)u
aubuc.
The canonical function equation eδα|L = 0 is equivalent to |L′ = 0, where L′ is a Lagrangian
submanifold with respect to the inverse canonical transformation of the P-structure, ω′ = −d(e−δαϑ).
L′ is defined by
ξi = {ξi , α} = −∂τ
r
a
∂xi
(x)zr ua − 13!
∂habc
∂xi
(x)uaubuc,
va = {va, α} = −τ r a(x)zr − 12 habc(x)u
buc,
wr = {wr , α} = τ r a(x)ua . (4.17)
Substituting this equation into |L′ = 0, we obtain the conditions for the canonical function, as
follows:
kabτ r aτ s b = 0, (4.18)
kcdτ r chdab + ρi sτ s a ∂τ
r
b
∂xi
− ρi sτ s b ∂τ
r
a
∂xi
+ Cr pqτ paτ q b = 0, (4.19)
ρi rτ
r
d
∂habc
∂xi
− 1
2
kef heabh f cd + (abcd complete skewsymmetric) = 0. (4.20)
Now let us analyze the geometric structure defined by this canonical function. Let τ : E −→ A
be the bundle map defined by the above τ rd on local charts. Moreover, we define the following
operations by the derived-derived bracket:
[e1, e2]D = −{{e1, αL}, e2}, (4.21)
〈e1, e2〉 = {e1, e2}, (4.22)
D( f ) = {αL, f }, (4.23)
where {−,−} := −{{−,},−}|L is the derived bracket, [ − , − ]D is a bilinear bracket, 〈 − , −〉
is an inner product on (E), and D is a map from C∞(M) to (E).
By Eqs. (4.18), (4.19), and (4.20) for e1, e2, e3 ∈ (E) and ξ 1, ξ 2 ∈ (A*), we have
(a) τ [e1, e2]D = [τe1, τe2]A,
(b) 〈τ*(ξ 1), τ*(ξ 2)〉 = 0,
(c) [e1, e1]D = D〈e1, e1〉 = (ρ ◦ τ )∗d〈e1, e1〉,
(d) [e1, [e2, e3]D]D = [[e1, e2]D, e3]D + [e2, [e1, e3]D]D,
(e) ρ◦τ (e1)〈e2, e3〉 = 〈[e1, e2]D, e3〉 + 〈e2, [e1, e3]D〉.
We call this structure a strong Courant algebroid.
Definition 4.4. A strong Courant algebroid is (E, τ , 〈 − , −〉, [ − , − ]D, A, ρ, [ − , − ]A)
satisfying the equation (a) − (e), where E is a vector bundle on a manifold M, 〈 − , −〉 is an inner
product on E, [ − , − ]D is a bilinear operator, (A, ρ, [ − , − ]A) is a Lie algebroid on M, and
τ : E −→ A is a bundle map.
Roughly speaking, a strong Courant algebroid is a Courant algebroid over a Lie algebroid.
Obviously, any Courant algebroid is naturally a strong Courant algebroid.
Proposition 4.5. Let (E, τ , 〈 − , −〉, [ − , − ]D, A, ρ, [ − , − ]A) be a strong Courant algebroid.
Then (E, τ◦ρ, 〈 − , −〉, [ − , − ]D) is a Courant algebroid.
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Thus for any strong Courant algebroid, there exists a Courant algebroid associated with it.
Example 4.5. If M is a point, the strong Courant algebroid is a triple (g1, g2, τ ), where g1 is a
quadratic Lie algebra, g2 is a Lie algebra, and τ is a homomorphism from g1 to g2 such that τ ∗(g∗2)
is an isotropic subspace of g1. Any Lie bialgebra is an example of the strong Courant algebroid.
Example 4.6. Let A be a Lie algebroid. An inner product on A⊕A* is defined by the natural
pairing of A and A*, an anchor map τ is defined by the natural projection from A⊕A* to A. It is clear
that (A⊕A*, τ , A, [ − , − ]D) gives a strong Courant algebroid, where [ − , − ]D is the Dorfman
bracket given by
[X + ξ, Y + η]D = [X, Y ]A + L Xη − iY dξ,
X, Y ∈ (A), ξ , η ∈ (A*), and L and d are the Lie derivative and the de Rham differential associated
to A, respectively.
Example 4.7. Let P be a G-principal bundle over M. Since G acts on TP⊕T*P naturally, we
get a bundle T P⊕T ∗ PG over M by reduction, where the G-invariant sections of TP⊕T*P reduce to the
sections of the bundle T P⊕T ∗ PG .
We define a bundle map τ by the natural projection from T P⊕T ∗ PG to the Atiyah algebroid T PG .
Because of the G-invariance, the canonical Dorfman bracket and the natural pairing on TP⊕T*P
induce a bracket [ − , − ]D and an inner product 〈 − , −〉 on ( T P⊕T ∗ PG ). It is easy to confirm that( T P⊕T ∗ P
G , τ, 〈−,−〉, [−,−]D, T PG
)
is a strong Courant algebroid.
Following the discussion in Subsection IV A, we can easily generalize the strong Courant
algebroid to the twisted version. For most of the concepts that appear in the Courant algebroids,
parallels can be introduced in the strong Courant algebroids. The A-connections and morphisms
between Lie algebroids14 will play a key role in the further study of the strong Courant algebroids.
V. TWISTED QP MANIFOLDS AND BULK-BOUNDARY AKSZ SIGMA MODELS
A. QP manifolds as QP pairs
As a physical application, we will show how a QP pair encodes the bulk-boundary correspon-
dence of AKSZ sigma models.
The following theorem justifies the view that a twisted QP manifold is a generalization of a QP
manifold.
Theorem 5.1. A QP manifold is a twisted QP manifold.
Proof. Let (L, ωL, αL) be a QP manifold of degree n. We consider the Poisson bracket {−,−}L
for the symplectic structure ωL. We can construct a Poisson bivector field πL to define the Poisson
bracket { f, g}L = πL(δ f, δg), where f, g ∈ C∞(L) and δ is a differential on L.
Consider a shifted cotangent bundle T ∗[n + 1]L, and choose a canonical graded symplectic
structure ω = ωcan on T ∗[n + 1]L. From the theory of supergeometry, we have that a bivector field
on L can be identified as a function on T ∗[n + 1]L. Therefore we obtain  ∈ C∞(T ∗[n + 1]L)
corresponding to πL. We can easily prove that πL(δ f, δg) = {{π∗ f ,}can, π∗g}can|L, which is
similar to the formula for the usual Poisson bracket. Therefore the small Poisson bracket {−,−}L is
rederived from the derived bracket of the big bracket.
Note that α = π∗αL is a canonical function for this  because {αL, αL}L =
{{α,}can, α}can|L = 0. Therefore, (T ∗[n + 1]L, ωcan,, α) is a QP pair, and the original QP
manifold L is its small QP manifold.
Let us describe it using a local coordinate. Let qi be a local coordinate of degree |qi| on L such
that {qi , q j }L = (ω−1L )i j (q). There exists a local Darboux coordinate pi of degree |pi| on the fiber of
T ∗[n + 1]L such that
{qi , p j }can = −(−1)(|q
i |−n−1)(|p j |−n−1){p j , qi }can = δi j ,
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where {− , − }can is the Poisson bracket defined from the canonical graded symplectic form ωcan
on T ∗[n + 1]L. If we define  = −(−1)(|qi |−n−1)(|p j |−n−1) 12 (ω−1L )i j (q)pi p j , then a straightforward
computation gives {, }can = 0 and {−,−}L = {{−,}can,−}can|L.
This construction shows that all the terms |L, {,α}can|L, {{,α}can, α}can|L,
{{{,α}can, α}can, α}can|L, · · · , are zero for the canonical . Therefore, we obtain
eδα|L = |L + {,α}can|L + 12 {{,α}can, α}can|L +
1
3!
{{{,α}can, α}can, α}can|L + · · ·
= 0. (5.1)
Thus, α is a canonical function. 
From the proof of this theorem, there exists a QP pair for any QP manifold.
B. Twisted QP manifolds from deformations
In this subsection, we show how twisted QP structures on L can be obtained by the deformation
of the canonical  on T ∗[n + 1]L. As an application, we can add “fluxes” to L by deforming the
corresponding canonical homological function on T ∗[n + 1]L. This also leads to a common method
for constructing a twisted QP manifold.
First, we take a P-manifold (L, ωL) of degree n. From the proof of Theorem 5.1, there exists
a QP realization (T ∗[n + 1]L, {−,−},) with α = 0, where  is the canonical Q-structure. By
definition, {−,−} = {{−,},−}|L coincides with the original Poisson bracket derived from ωL.
Next, we consider a deformation of , d =  + ′, such that {d, d} = 0. This can be
rewritten as the Maurer-Cartan equation, {,′} + 12 {′,′} = 0. For simplicity, we concentrate
on the deformation in which the derived P-structure on L is not changed, i.e., {{−,d},−}|L =
{{−,},−}|L. One such solution is the deformation for which ′|L⊥ = 0.
A function α of degree n + 1 on L is a canonical function on (T ∗[n + 1]L, {−,−},d ) with
respect to L if and only if
eδαd |L = eδα ( + ′)|L = 0. (5.2)
From the above assumption, the equation eδα|L = 0 is equivalent to the master equation
{αL, αL} = 0 for the canonical homological function  on T ∗[n + 1]L. However, Eq. (5.2) for d
generally breaks the classical master equation. To see this, we recall that eδαd |L = 0 produces the
equation
1
2
{αL, αL}d = −( + ′)|L − { + ′, α}|L −
1
3!
{{{ + ′, α}, α}, α}|L · · · .
Note that for a canonical , the terms |L and {{...{,α}, ..., α}, α}|L on the right-hand side
are equal to zero. However, the terms involving a higher bracket between ′ and α, for example,
{{{′, α}, α}, α}|L, may be nonzero. Also, {αL, αL}d is generally nonzero. Therefore, a solution α of
the canonical function of Eq. (5.2) with respect to d gives a twisted QP manifold (L, {−,−}d , αL).
The following general proposition is obtained.
Proposition 5.2. Let (L, ωL) be a P-manifold, and let (T ∗[n + 1]L, ω,) be the canonical QP
realization given in Theorem 5.1. Then there is a twisted QP manifold (L, ωL, αL) associated with
any function ′ of degree n + 2 on T ∗[n + 1]L satisfying
1. {,′} + 12 {′,′} = 0,
2. {{−,′},−}|L = 0,
3. eδα′|L = 0,
where α = π∗αL. In this case, we say that the twisted QP manifold (L, ω, αL) is twisted by ′.
One can find an equivalent description of a twisted QP manifold in the frame of homotopy
Poisson manifolds in Ref. 34, where the authors encode deformations of the canonical homological
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
130.54.110.72 On: Mon, 22 Dec 2014 07:53:20
113505-14 N. Ikeda and X. Xu J. Math. Phys. 55, 113505 (2014)
function on (T ∗[n + 1]L, ω) by higher derived brackets. A deformation of the homological function
on T ∗[n + 1]L induces a homotopy Poisson algebra on C∞(L), and the canonical transformation
equation eδα|L = 0 becomes the Maurer-Cartan equation for the underlying L∞-algebra, which
can be seen as a homotopy version of the normal master equation. As a result, a twisted QP manifold
can be viewed as a homotopy version of a QP manifold.
C. Bulk-boundary correspondence of AKSZ sigma models
Generally, a kind of (topological) quantum field theory in n + 1 dimensions on X has the same
physical constants as a quantum field theory in n dimensions on the boundary ∂X. Theorem 5.1 says
that there is another QP manifold associated with any (twisted) QP manifold. Therefore, we obtain
a pair of AKSZ sigma models associated with one QP manifold. This can be interpreted physically
as the bulk-boundary correspondence (holographic correspondence) of physical models.
Let us take a QP pair (T ∗[n + 1]L, ω,,L, α). First, we suppose that α satisfies {αL, αL} =
{{α,}, α}|L = 0, i.e., (L, {−,−}, αL) is a nontwisted QP manifold, where α = π∗αL with π :
T ∗[n + 1]L −→ L.
We obtain two AKSZ sigma models from these data. Let X be a manifold in n + 1 dimensions
with boundaries. By the AKSZ construction, the original big QP manifold (T ∗[n + 1]L, ω,,L, α)
defines an AKSZ sigma model with a boundary on X = T [1]X . A P-structure is given by ω =
μ∗ev∗ω, and a Q-structure by (3.5) or, equivalently, by (3.6).
On the other hand, with the AKSZ construction, the small QP manifold (L, {−,−}, αL) defines
an AKSZ sigma model on ∂X = T [1]∂ X . The Q-structure is
SL = SL0 + SL1
= ι ˆD∂ X μ∂X∗ev∗ϑ + μ∂X∗(i∂ × id)∗ev∗ α, (5.3)
where ω = − δϑ.
These two AKSZ sigma models, which are constructed from one QP pair, have a canonical
correspondence. Physical arguments show that the BV actions S and SL correspond. First we consider
the bulk Q-structure function (3.5) on X . The Q-structure (5.3) on the Lagrangian submanifold L
is obtained by using Stokes’ theorem and integrating out the auxiliary superfields. (i.e., S and SL
derive the same orbits of the equations of motion on ∂X .) The boundary P-structure is obtained as
ω = − δϑ from the first term ι ˆD∂ X μ∂X∗ev∗ϑ in the resulting Q-structure SL. This AKSZ sigma
model on ∂X is equivalent to the one constructed from the small QP manifold.
The field configurations for the two AKSZ sigma models satisfy the following commutative
diagram:
X φX−−−→ T ∗[n + 1]L
iX
⏐
⏐ iL
⏐
⏐
∂X φ∂X−−−→ L
where φX ∈ Map(X , T ∗[n + 1]L), φ∂X ∈ Map(∂X ,L), iX is the inclusion of the boundary into the
manifold, and iL is the inclusion as the zero section such that π ◦ iL = idL. This demonstrates the
bulk-boundary correspondence of AKSZ sigma models.
We denote a QP pair (T ∗[n + 1]L, ω,,L, α) by QPT ∗[n+1]L and a QP manifold without a
canonical function (L, ωs, α) by QP0L. Let AKSZX ,L be an AKSZ sigma model on Map(X ,L),
and let AKSZ0X ,L be an AKSZ sigma model without a boundary (without a canonical function).
Schematically, the following diagram shows two procedures:
QPT ∗[n+1]L −−−→ AKSZX ,T ∗[n+1]L
⏐
⏐
⏐
⏐
QP0L −−−→ AKSZ0∂X ,L
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Thus, these two methods produce the same AKSZ sigma model AKSZ0∂X ,L. In one method, we
construct an AKSZ sigma model with a boundary and then reduce the theory to the boundary. In
the other method, we reduce a QP pair to a small QP manifold and then construct an AKSZ sigma
model.
Conversely, we can take a QP manifold of degree n, (L, {−,−}L, αL). Following Theorem
5.1, we have a canonical lift (T ∗[n + 1]L, ω,,L, α). Although in general, a big QP manifold
is not unique to one small QP manifold, we can show that for any lift (T ∗[n + 1]L, ω,,L, α),
the resulting small AKSZ sigma models on L have the equivalent QP structures. The equivalence
relation for  for a fixed ω has the following physical interpretation in the AKSZ sigma models. Two
Q-structure functions are equivalent, S′T ∗[n+1]L ∼ ST ∗[n+1]L, if S′T ∗[n+1]L = ST ∗[n+1]L + Sbulk on X
have the same boundary conditions, that is, Sbulk has the boundary condition such that Sbulk |∂X = 0.
D. Bulk-boundary correspondence of twisted AKSZ sigma models induced from
general QP pairs
In this subsection, we consider general cases, i.e., {αL, αL} = 0. Given a QP pair, (T ∗[n +
1]L, ω,,L, α), then by definition, (L, {−,−}L, αL) is a twisted QP manifold, where π : T ∗[n +
1]L −→ L is a natural projection and α = π∗αL.
Let us consider the AKSZ sigma models. Let X be a manifold in n + 1 dimensions with
a boundary. By the AKSZ construction in Subsection II B, there is an AKSZ sigma model with a
boundary fromX = T [1]X to T ∗[n + 1]L. The Q-structure function is given in Eq. (3.5). A boundary
theory can be constructed by the method inspired by physical arguments. The field configurations
for two AKSZ sigma models are required to satisfy the following commutative diagram:
X φX−−−→ T ∗[n + 1]L
iX
⏐
⏐ iL
⏐
⏐
∂X φ∂X−−−→ L
where π ◦ iL = idL. We restrict the equations of motion of the big AKSZ sigma model on X to
the boundary ∂X . The derived bracket P-structure and the Q-structure function on the Lagrangian
submanifold Map(∂X ,L) are constructed by using Stokes’ theorem and integrating out the auxiliary
superfields from the bulk Q-function S, in a manner similar to that for the AKSZ sigma model cases
in Subsection V C.38,4
The P-structure on Map(∂X ,L) is the same as the AKSZ construction on a small P-manifold.
The Poisson bracket derived from ωL = μL∗ev∗ωL onL is equal to the derived bracket {{−,−},−}|L
with respect to ωL.
The bulk Q-structure is expressed by Eq. (3.5), and we use the equivalent Q-structure function
(3.6). By restricting Map(X ,M) to orbits of solutions in the equations of motion with respect to the
compliment space L⊥ = T ∗[n + 1]L/L by solving δL⊥ S′′ = 0 and using Stokes’ theorem, the bulk
Q-structure S′′ reduces to the boundary twisted Q-structure SL. We will demonstrate this procedure
in Example 5.1. SL has extra terms that are not generated by the original AKSZ construction on
Map(T [1]∂ X,L). A direct calculation shows that the boundary Q-structure function is the following
untwisted Q-structure function plus extra terms:
SL = SL,∂X + SL,X
= ι ˆD∂ X μ∂X∗ev∗ϑ − μ∂X∗(i∂ × id)∗ev∗ α
+
(
μ∗ev∗ − 12μ∗ev
∗{{ϑ, α}, α} · · ·
)
|δL⊥ S=0, (5.4)
where SL,∂X is a Q-structure function in the AKSZ construction, SL,X is an extra term from the
integration over X . (Note that μ∗ is the integration over X .) The last terms are physically called
Wess-Zumino terms. In general, the master equation is not satisfied because of the presence of SL,X .
If {α, α} = 0 but {αL, αL} = 0, the WZ terms can be written as the following expression by using
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Eq. (3.7):
SL = ι ˆD∂ X μ∂X∗ev∗ϑ − μ∂X∗(i∂ × id)∗ev∗ α + μ∗ev∗|δL⊥ S=0. (5.5)
We call this construction of a topological sigma model, (Map(∂X ,L), {−,−}L, SL), the twisted
AKSZ construction, and we call the resulting model the twisted AKSZ sigma model. The following
schematic diagram expresses our construction procedure:
QPT ∗[n+1]L −−−→ AKSZX ,T ∗[n+1]L
⏐
⏐
⏐
⏐
tQP0L −−−→ tAKSZ0∂X ,L
Here tQP0L is a twisted QP manifold on L and tAKSZ0∂X ,L is a twisted AKSZ sigma model defined
on the boundary ∂X . In one method, we construct an AKSZ sigma model with a boundary and
then reduce the theory to the boundary. In the other method, we reduce a QP pair to a small twisted
QP manifold and then construct a twisted AKSZ sigma model. The two methods produce the same
twisted AKSZ sigma model tAKSZ0∂X ,L.
There is an ambiguity in the definition of an AKSZ sigma model pair because there is an
ambiguity in how we should take a big QP manifold for a fixed twisted QP manifold. The cohomology
class of  for the big bracket determines the equivalence class of this ambiguity. In the language of
sigma models, if Sbulk |∂X = 0 for S′T ∗[n+1]L = ST ∗[n+1]L + Sbulk on X , then S and S′ define the same
boundary in the twisted AKSZ sigma models.
We will now show some examples of twisted AKSZ sigma models.
Example 5.1. (n = 2: twisted-(or WZ-)Poisson sigma models). We consider a QP pair for the
case of C = R = ρ = 0 in Example 4.1. The big QP manifold is T ∗[2]L = T ∗[2]T [1]M , and the
QP structure defines the twisted Poisson structure [πL, πL]S = ∧3π# H .
Let us take a three-dimensional manifold X for which the boundary is a two-dimensional
manifold ∂X. The AKSZ sigma model is defined on Map(T[1]X, T*[2]T[1]M) as follows. The
P-structure is
ω =
∫
X
μ (δxi ∧ δξ i + δ pi ∧ δqi ),
where the boldface letters are superfields induced from the pullbacks by x∗ of corresponding local
coordinates. If α = 0, the Q-structure function has the following form:
S = S0 + S1 =
∫
X
μ
(
−ξ i dxi + qi d pi + ξ i q i +
1
3!
Hi jk(x)qi q j qk
)
. (5.6)
In order to obtain the equations of motion from the variational principle, we take the variation
of S,
δS =
∫
X
μ
(
−δξ i dxi − ξ i dδxi + δqi d pi + qi dδ pi + δ
(
ξ i qi +
1
3!
Hi jk(x)qi q j qk
))
. (5.7)
The equations of motion of ξ and q are obtained by integration by parts. Therefore, the boundary
terms, −ξ i dδxi + q i dδ pi , must vanish:
δS|∂X =
∫
∂X
μ∂X
(−ξ iδxi − qiδ pi) |∂X = 0. (5.8)
This determines the boundary conditions. Equation (5.8) is satisfied if ϑ = 0 on Im ∂X , i.e.,
Im ∂X ⊂ L. Typically, two kinds of boundary conditions are possible: ξ // i = 0 or δxi// = 0, and
qi// = 0 or δ p// i = 0, where // is the component that is parallel to the boundary. (Hybrid boundary
conditions are also possible.)
Let us take boundary conditions ξ // i = 0 and qi// = 0 as an example. Another condition is that
the boundary conditions must be consistent with the classical master equation {S, S} = 0. Direct
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computation gives
{S, S} =
∫
∂X
μ∂X
(
−ξ i dxi + qi d pi + ξ i q i +
1
3!
Hi jk(x)qi q j qk
)∣∣∣∣
∂X
. (5.9)
Due to the boundary conditions ξ // i = 0 and q i// = 0, the first two terms corresponding to ϑ of the
right-hand side vanish on the boundary:∫
∂X
μ∂X (i∂ × id)∗ev∗ϑ =
∫
∂X
μ∂X
(−ξ i dxi + qi d pi) |∂X = 0. (5.10)
Therefore, the last two terms corresponding to the  terms in Eq. (5.9) must vanish:∫
∂X
μ∂X (i∂ × id)∗ev∗ =
∫
∂X
μ∂X
(
ξ i qi +
1
3!
Hi jk(x)qi q j qk
)∣∣∣∣
∂X
= 0. (5.11)
The Q-structure follows immediately from the boundary conditions ξ // i = 0 and qi// = 0.
This consistency of the boundary conditions is described in terms of a target QP mani-
fold T ∗[2]L. Equation (5.10) is satisfied if ϑ |L = 0. Under this condition, Eq. (5.11) is satis-
fied if ev∗|∂X = 0. This condition is the pullback of the equation |L = 0. This corresponds to
Proposition 3.2.
Next we introduce α. The Q-structure is modified by introducing a canonical function α. For
example, we take
∫
∂X μ∂X (i∂ × id)∗ev∗α =
∫
∂X μ∂X
1
2π
i j (x) pi p j . The Q-structure changes to
S′ =
∫
X
μ
(
−ξ i dxi + qi d pi + ξ i qi +
1
3!
Hi jk(x)qi q j qk
)
−
∫
∂X
μ∂X
1
2
π i j (x) pi p j . (5.12)
The boundary term deforms the boundary conditions. The variation δS is changed to
δS′|∂X =
∫
∂X
μ∂X
[(
−ξ i +
1
2
∂π i j (x)
∂xi
p j pk
)
δxi + (−qi − π i j (x) p j) δ pi + · · ·
]
.
Since these terms must vanish, consistent boundary conditions are as follows:
ξ i |// = −
1
2
∂π jk
∂xi
(x) p j pk |//, qi |// = π i j (x) p j |//. (5.13)
{S′, S′}= 0 requires another consistency condition, i.e., the integrand of S1 is zero on the boundary:(
ξ i qi +
1
3!
Hi jk(x)qi q j qk
)∣∣∣∣
//
= 0. (5.14)
Similarly, (5.13) and (5.14) can be expressed by the condition on T ∗[2]L = T ∗[2]T [1]M . The
condition is that
ξi qi + 13! Hi jk(x)q
i q j qk = 0 (5.15)
on the Lagrangian submanifold L′ defined by
ξi = −12
∂π jk
∂xi
(x)p j pk, qi = π i j (x)p j . (5.16)
Here we consider the symplectic form graded by e−δα while preserving Q. L′ is a Lagrangian
submanifold with respect to e−δαω. Substituting (5.16) into (5.15), we obtain the geometric structure
on L′:
ξi qi + 13! Hi jk(x)q
i q j qk
= −1
2
∂π jk
∂xl
(x)π li (x)p j pk pi + 13! Hi jk(x)π
il (x)π jm(x)π kn(x)pl pm pn = 0. (5.17)
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This condition corresponds to Proposition 3.5. Equation (5.17) is nothing but the equation of the
twisted Poisson structure [π, π ]S = ∧3π# H .
Physically, the boundary action on ∂T[1]X is obtained by integrating out the superfield ξ i from
Eq. (5.12). By integrating out ξ i , we obtain the equations of motion q i = dxi . By restricting this
orbit, we obtain the twisted-Poisson sigma model on L′:
SL′ =
∫
∂X
μ∂X
(
pi dxi −
1
2
π i j (x) pi p j
)
+
∫
X
μX
1
3!
Hi jk(x)dxi dx j dxk . (5.18)
This coincides with the physical model constructed from the twisted Poisson structure on ∂X,29 and
it is the twisted AKSZ sigma model constructed from the twisted Poisson structure on L′. The P-
structure on Map(T [1]X,L′) is equivalent to the one constructed from the derived bracket {−,−} =
{{−,},−}|Map(∂X ,L′). The H term breaks the classical master equation, i.e., {SL′ , SL′ } = 0.
Example 5.2. (n = 3: the twisted strong Courant sigma models). Let us consider the AKSZ
sigma model induced from a QP manifold of degree 3 and its canonical function. We take a QP
manifold of degree 3, T ∗[3]L = T ∗[3](T ∗[2]E[1] ⊕ A[2]), as a generalization of Sec. IV C, where
E and A are two vector bundles on M.
We take the local coordinates on T*[2]E[1]⊕A[2] as (xi, ua, zp, pi) of degree (0, 1, 2, 2), where
xi is a local coordinate on M, ua is on the fiber of E, zp is on the fiber of A, and pi is on the fiber
of T*[2]M. The conjugate local coordinates of the fiber are (ξi , va, w p, qi ) of degree (3, 2, 1, 1). A
graded symplectic structure is given by ω = δxi ∧ δξi − δua ∧ δva + δpi ∧ δqi + δz p ∧ δw p. We
consider the following Q-structure satisfying |L = 0:
 = ξi qi + 12k
abvavb + ρi r (x)ξiwr + 12C
r
pq (x)zrw pwq + 14! Hi jkl(x)q
i q j qkql ,
where kab is a fiber metric on E and H = 14! Hi jkl(x)dxi ∧ dx j ∧ dxk ∧ dxl is a 4-form on M. If A
is a Lie algebroid and H is closed, {, } = 0 is satisfied.
Take the Lagrangian submanifold L = T ∗[2]E[1] ⊕ A[2] = {ξi = va = qi = w p = 0} and a
function of degree 3,
α = σ i a(x)pi ua + τ r a(x)zr ua + 13!habc(x)u
aubuc.
The canonical function equation eδα|L = 0 determines the identities among σ ia(x), τ ra(x), and
habc(x) and the geometric conditions on L.
If w p = z p = 0 and H = 0, this reduces to the Courant algebroid. If w p = z p = 0 and H = 0,
this reduces to the H4-twisted Courant algebroid in Example 4.2. If qi = pi = 0, this reduces to the
strong Courant algebroid.
Let us take a four-dimensional manifold X with a boundary that is a three-dimensional manifold
∂X. The bulk AKSZ sigma model on T*[3](T*[2]E[1]⊕A[1]) is constructed in the usual way. The
P-structure is
ω =
∫
X
μ (δxi ∧ δξ i + δ pi ∧ δqi − δua ∧ δva + δz p ∧ δw p). (5.19)
The Q-structure function with boundary terms has the following form:
S =
∫
X
μ
(
ξ i dxi + q i d pi − va dua + w p dz p + ξ i q i
+1
2
kabvavb + ρi r (x)ξ iwr +
1
2
Cr pq (x)zrw pwq + 14! Hi jkl(x)q
i q j qk ql
)
−
∫
∂X
μ∂ X
(
σ i a(x) pi ua + τ r a(x)zr ua +
1
3!
habc(x)ua ubuc
)
. (5.20)
We can construct the boundary of the twisted AKSZ sigma model by using the method in this section.
In this example, the derived Poisson bracket on L is generally degenerate. In degenerate cases, it is
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difficult to express concretely the boundary Q-structure function S. However, the bulk and boundary
theories are physically consistent because the bulk classical master equation is satisfied.
If A = 0, the QP manifold is T ∗[3]L = T ∗[3]T ∗[2]E[1], and the derived Poisson bracket is
nondegenerate. The corresponding twisted QP manifold T*[2]E[1] produces the boundary topologi-
cal sigma model with a Wess-Zumino term from a three-dimensional manifold ∂X to the target space
T*[2]E[1]:
SL =
∫
∂X
μ∂X
(
pi dxi −
1
2
kabua dub − σ i a(x) pi ua −
1
3!
habc(x)ua ubuc
)
+
∫
X
μ
1
4!
Hi jkl(x)dxi dx j dxk dxl . (5.21)
This twisted Q-structure function can also be obtained by integrating out ξ i and va in Eq. (5.20) by
physical arguments. This is equivalent to the H4-twisted Courant sigma model.20
VI. SUMMARY AND FUTURE AREAS OF WORK
In this paper, we have analyzed the mathematical structures of the boundary conditions of AKSZ
sigma models and boundary theories, and we have discussed the connections between canonical
functions and QP pairs. We have proposed a new algebroid, the strong Courant algebroid.
However, we have not completely analyzed the properties of the solutions of the canonical
function equations, the deformation theory, and the equivalence classes of the QP description of
a twisted QP manifold. The deformation theory of QP structures will unify various classical and
new structures, for example, the Nijenhuis structures on Lie algebras, the Courant-like algebroid
structures in Poisson geometry, and others.31 In order to understand the complete structures, we
should consider the general classification of a QP pair (T ∗[n + 1]L, ω,,L, α) and (L, ωL, αL),
which can be viewed as a simultaneous deformation of the homological function  and the canonical
function α.
In this paper, all of the examples derived from canonical functions are geometric. If we consider a
QP manifold and a canonical function over a point, we can derive other kinds of algebraic structures.
We will leave these as areas to investigate in future work.
The quantization of AKSZ sigma models with boundaries is the next step. Since AKSZ sigma
models are topological field theories, a bulk AKSZ sigma model and the corresponding boundary
theory should have the same physical partition functions and produce equivalent mathematical and
physical information. This will not only describe the quantum membrane theories in physics but will
also quantize a wide class of geometric structures.
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